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Abstract 

The paper [26] introduces Rychlewich’s notion of upper/lower almost nearly quasicontinous 
multifunction as a generalization of upper/lower almost quasicontinous multifunction [25] and 
upper/lower nearly continuous multifunctions [9]. The purpose of our paper ist o obtain new theorems of 
characterization for upper/lower almost nearly quasicontinuous multifunctions. 
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Introduction 

The notion of N-closed set is introduced in [6]. The notion of N-continuous function is 
introduced in [14] and studied in [19, 23] and other papers. Recently, Ekici [8] introduced and 
studied upper/lower nearly continuous multifunctions as a generalization of upper/lower 
continuous multifunctions and N-continuous functions. Also, Ekici introduced the notions of 
upper/lower almost nearly continuous multifunctions as a generalization of upper/lower almost 
continuous multifunctions [24] and upper/lower nearly continuous multifunctions.  

Quite recently, Rychlewicz [26] introduced the notions of upper/lower almost nearly 
quasicontinuous multifunctions as a generalization of upper/lower almost quasicontinuous 
multifunctions [25] and upper/lower nearly continuous multifunctions [9]. 

In this paper we obtain further characterizations of upper/lower almost nearly quasicontinuous 
multifunctions. 

Preliminaries 

Let ሺܺ, ߬ሻ be a topological space and A a subset of X.  

The closure of A and the interior of A are denoted by ܥℓሺܣሻ and ࣣ݊ݐሺܣሻ, respectively. The 
subset A of ሺܺ, ߬ሻ is said to be regular open (resp. Regular colsed) if ܣ ൌ ܣ .ሻሻ (respܣℓሺܥሺݐࣣ݊ ൌ  .ሻ൯ܣሺݐℓ൫ࣣ݊ܥ
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Definition 1. The subset A is called N-closed (relative to X) if every cover of A by 
regular open sets of X has a finite subfamily whose union covers A/6/ A point ܺ߳ݔ is 
called a ߜ-cluster point [27] of a subset A if  ࣣ݊ݐሺܥℓሺܷሻሻ ת ܣ ് ߶  for every open U of 
X containing x. The set of all ߜ-cluster points of A is called the ߜ-closure of A and is 
denoted by ܥℓఋሺܣሻ. If ܣ ൌ  .closed [27]-ߜ ሻ then A is said to beܣℓఋሺܥ

The complement of a ߜ-closed set is said to be ߜ-open. 

The union of all ߜ-open set contained in A is called the ߜ-interior of A and is denoted by  ࣣ݊ݐఋሺܣሻ. 

It is shown in [27] that ܥℓఋሺሻ ൌ  ℓఋ(B) is closed forܥ ሻ for every open set U of X andℓሺܥ
every subset B of X. 

Definition 2. The subset A of a topological space is said to be semi-open [13] (resp. 
preopen [15], ߙ-open [17], b-open [14], ߚ-open [1] or semi-preopen [31] if  ܣ ؿ ሻ൯ܣሺݐℓ൫ࣤ݊ܥ ቀݏ݁ݎ. ܣ ؿ ,ሻ൯ܣℓሺܥ൫ݐ݊ࣤ ܣ ؿ ܣ ,ሻ൯ቁܣℓሺܥ൫ݐ݊ࣤ ؿ ൫ܥℓሺܣሻ൯  ,ሻ൯ܣሺݐℓ൫ࣣ݊ܥ ܣ ؿ ℓܥ ቀࣣ݊ݐ൫ܥℓሺܣሻ൯ቁ. 
The family of all semi-open sets of X is denoted by SO(X). 

The family of all semi-open sets of X contained x߳X is denoted by SO(X,x). 

Definition 3. The complement of a semi-open (resp. preopen, ߙ-open, b-open, ߚ-open) set is 
said to be semi-closed [7] (resp. preclosed [15],  ߙ -closed [16], b-closed [4],  ߚ -closed [1]). 

Definition 4. The intersection of all semi-closed (resp. preclosed, ߙ-closed, b-closed, ߚ-closed) 
sets of X containing A is called the semi-closure [7] (resp. preclosure[10], ߙ-closure [16], b-
closure[4], ߚ-closure[2] of A and is denoted by SCℓ(A) (resp. pCℓ(A), ߙCℓ(A), bC ℓ(A), ߚC ℓ(A)). 

Definition 5. The union of all semi-open (resp. preopen, ߙ-open, b-open, ߚ-open) sets of X 
contained in A is called the semi-interior (resp. preinterior, ߙ-nterior, b-interior, ߚ-
interior) of A and is denoted by ࣣܵ݊ݐሺܣሻ (resp. pࣣ݊ݐሺܣሻ, ,ሻܣሺݐࣣ݊ߙ ,ሻܣሺݐࣣܾ݊  .ሻሻܣሺݐࣣ݊ߚ
The following lemma is a generalization of Lemma 1 [26]. 

Lema 1. Let V be any preopen set of X having N-closed complement; then ࣣnt(Cℓ(V)) is a 
regular open set  having N-closed complement. 

Proof. Since V have N-closed complement, then X – V is N-closed and X-ࣣ݊ݐ൫ܥℓሺܸሻ൯ ܺؿ െ ܸ. Let ܦ ൌ ሼܦ: ݅ א ܦ ℓሺܸሻሻ. Thenܥሺݐࣣ݊-ሽ be a regular open cover of Xܫ   ℓሺܸሻሻ isܥሺݐ݊ࣤ
a regular open cover of X – V. 

Since X – V is N-closed there exists a finite I0 such that ሼܦ: ሽܫ߳݅   ℓሺܸሻሻ is a regularܥሺݐ݊ࣤ
open cover of  ܺ െ ܸ ـ ܺ െ   ℓሺܸሻ൯ܥ൫ݐ݊ࣤ

Hence ܦᇱ ൌ ሼܦ:  – ℓሺܸሻ൯ have Nܥ൫ݐࣣ݊  ℓሺܸሻሻ, henceܥሺݐ݊ࣤ -ሽ is a regular open cover of Xܫ߳݅
closed complement. 

The following basis properties of semi-closure and semi-interior are useful in the sequel: 

Lema 2. Let A be a subset of a topological space (X,߬). 

The following holds for the semi-interior and semi-closure of A: 
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(1) A is semi-closed if and only if ܣ ൌ  ;ሻܣℓሺܥݏ

(2) A is semi-open if and only if ܣ ൌ  ;ሻܣሺݐ݊ࣤݏ

ሻܣℓሺെܥݏ (3) ൌ ܺ െ ,ሻܣሺݐ݊ࣤݏ ሺݐ݊ࣤݏ ܺሻ ൌ ܺ െ  .ሻܣℓሺܥݏ
Definition 6. A function ݂: ሺܺ, ߬ሻ ՜ ሺܻ, ݔ ሻ is N-continuous at a pointߪ א ܺ  [14] if for each 
open set V of Y containing f(x) and having N-closed complement, there is an open set U 
containing x such that ݂ሺܷሻ ؿ ܸ. The function ݂: ሺܺ, ߬ሻ ՜ ሺܻ,  ሻis N-continuous if it has thisߪ
property at each point ݔ א ܺ. 

Throughout the present paper ሺܺ, ߬ሻ and ሺܻ, :ܨ  ሻ always denote topological spaces andߪ ሺܺ, ߬ሻ ՜ ሺܻ,  ሻpresents a multivalued function. For a multifunction F:X՜Y, we shall denoteߪ
the upper and lower inverse of a set B of Y by ܨାሺܤሻ and ିܨሺܤሻ, respectively, that is ܨାሺܤሻ ൌሼݔ א ܺ: ሻݔሺܨ ת ܤ ് ߶ሽ. 

Definition 7. A multifunction ܨ: ሺܺ, ߬ሻ ՜ ሺܻ,  :ሻ is said to beߪ

a. Upper nearly continuous [8] (resp. upper almost nearly continuous [9]) at ݔ א ܺ if for each 
open set V containing F(x) and having N-closed complement, there exists an open set U 
containing x such that ܨሺܷሻ ؿ ܸ(resp. F(U)ؿ ℓሺܸሻ൯ܥ൫ݐ݊ࣤ ൌ  ;ℓሺܸሻܥݏ

b. Lower nearly continuous [8] (resp. lower almost nearly continuous [9] at ݔ א ܺ if for each  
open set V which intersects F(x) and having N-closed complement, there exists on open set 
U containing x such that F(u)ת ܸ ് ߶ (resp. F(u) ת ℓሺܸሻሻܥሺݐ݊ࣤ ് ߶) for every ܷ߳ݑ; 

c. upper/lower nearly continuous (resp. upper/lower almost nearly continuous) if it has this 
property at each point ݔ א ܺ. 

Definition 8. A multifunction ܨ: ሺܺ, ߬ሻ ՜ ሺܻ,  ሻ is said to beߪ

a. upper almost quasi-continuous [25] (resp. upper almost nearly quasi continous [26] at ݔ א ܺ 
if for each open set U containing x and for each open set V (resp. for each open set V having 
N-closed complement) containing F(x), there exists an nonempty open set G of X such that 
GؿU and F(G)ؿ  ;ℓሺܸሻܥݏ =ℓሺܸሻܥሺݐ݊ࣤ

b. lower almost quasi-continuous [25] (resp. lower almost nearly quasi-continuous) at ݔ א ܺ  if 
for each open set V (resp. for each open set V having N-closed complement) wich intersects 
F(x), there exists a nonempty open set Gؿ ܷ and F(g) ת ℓሺܸሻܥሺݐ݊ࣤ ് ߶  for each gא  ;ܩ

c. upper/lower almost quasi-continuous (resp. upper/lower almost nearly quasi-continuous) if 
it has this property at each ݔ א ܺ. 

Theorem 1 [26]. For a multifunction ܨ: ሺܺ, ߬ሻ ՜ ሺܻ,  :ሻ the following properties are equivalentߪ

(1) F is u.a.n.c.; 

(2) For any ݔ א ܺ and for any regular open set G of Y having N-closed complement such that 
F(x) ؿG and for amy open set U containing F(x), there exists a nonempty open set WU such 
that F(W) ؿ  ;ܩ

(3) For any ݔ א ܺ and for any open set G of Y having connected complement such that 
F(x) ؿ ؿ there exists a semi-open set U containing x such that F(U) ,ܩ  ;(ሻܩℓሺܥሺݐ݊ࣤ

 ;ା(G) is a semi-open set for any regular open set G of Y having N-closed complementܨ (4)

 .is semi-closed set for any regular closed N-closed set K of Y (K)ିܨ (5)
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Theorem 2 [26]. For a multifunction ܨ: ሺܺ, ߬ሻ ՜ ሺܻ,  :ሻ the  following properties are equivalentߪ

(1) F is l.a.n.c.; 

(2) For any ݔ א ܺ and for any regular open set G of Y meeting F(x) and having N-closed 
complement and for any open set U containing x, there exists a non-empty open set W of X 
such that WؿU and F(W) תG് ߶; 

(3) For any ݔ א ܺ and for any open set V of Y having N-closed complement such that F(x) תV്߶, there exists a semi-open set U containing x such that F(u) ת ് (ℓሺܸሻܥሺݐ݊ࣤ ߶ for every 
uא ܷ; 

 ;is a semi-open set for any regularly open set G of Y having N-closed complement (G)ିܨ (4)

 .ା(K) is a semi-closed set for any regularly closed N-closed set K of Yܨ (5)

By Definitions 6, 7 and Theorems 1 and 2 we have u.a.c.֜u.a.q.c. ֜; l.a.c֜l.a.q.c֜l.a.n.q.c. 
u.n.c. ֜u.a.n.c. ֜u.a.n.q.c.; l.n.c.֜l.a.n.c.֜l.a.n.q.c. 

Characterizations 

Theorem 3. For a multifunction ܨ: ሺܺ, ߬ሻ ՜ ሺܻ,  :ሻ the following properties are equivalentߪ

(1) F  is   u.a.n.q.c.; 

ؿ ା(V)ܨ (2) ℓሺܸሻሻሻܥݏାሺܨሺݐ݊ࣤ ݏ ൌ -ℓሺܸሻ൯ሻሻ for every open V having Nܥ൫ݐାሺࣤ݊ܨሺݐ݊ࣤݏ
closed complement; 

ିܨℓሺܥݏ (3) ቀܥℓ൫ࣤ݊ݐሺܭሻ൯ቁሻ ؿ   ;ሻ for every closed N-closed set K of Yܭሺିܨ

ିܨℓሺܥݏ (4) ቀܥℓ൫ࣤ݊ݐሺܥℓሺܤሻ൯ቁሻ ؿ   ሻሻ for every subset B of Y having N-closedܤℓሺܥሺିܨ
closure; 

ିܨℓሺܥሺݐ݊ࣤ (5) ቀܥℓ൫ࣤ݊ݐሺܭሻ൯ቁሻ ؿ   ;ሻ for every closed N-closed set K of Yܭሺିܨ

ؿ ା(V)ܨ (6)  .for every open set V of Y having N-closed complement (((ℓ(V)ܥݏ)ାܨሺݐℓሺࣤ݊ܥ 

Proof. (1)֜(2). Let V be any open set Y having N-closed complement and xא  ା(V); thenܨ
F(x) ؿ ܸ ؿ בℓ(V) and hence xܥݏ    .(ℓ(V)ܥݏ)ାܨିܺ

By Lemma 2,   ܥݏℓ(V) is a regular open set having N-closed complement and Y- ݏ(V) is a 
regular closed N-closed in Y.  

By Theorem 2(5),  ିܨ(Y- ܥݏℓሺܸሻሻ is a semi-closed set in X. Therefore, we obtain  

xא ℓሺܸሻሻܥݏ)ାܨ  SO(X)א

and hence xא ؿ ା(V)ܨ ℓሺܸሻሻ). Consequentlyܥݏାሺܨሺݐ݊ࣤ ݏ  .(ℓሺܸሻሻܥݏାሺܨሺݐ݊ࣤ ݏ

(2) ֜(3). Let K be any closed N-closed set of Y. 

Then Y-K is open having N-closed complement. Then we have  

X-ିܨ(K)= ܨା(Y-K) ؿ sࣤ݊ݐሺܨାሺܥݏℓ(Y-K)))= sࣤ݊ݐሺܨାࣤ݊ݐሺܥℓሺܻ െ ିܨX-െ)ݐ݊ࣤ s=(((K)ݐ݊ࣤ)ℓܥ -Y)ݐ݊ࣤ ሻሻሻ=sܭ ቀܥℓ൫ࣤ݊ݐሺܭሻ൯ቁ =X- ܥݏℓሺିܨ ቀܥℓ൫ࣤ݊ݐሺܭሻ൯ቁ.  

Therefore we obtain ܥݏℓሺିܨ ቀܥℓ൫ࣤ݊ݐሺܭሻ൯ቁ  .(K)ିܨ ؿ
(3) ֜(4). This is obvious. 
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(4) ֜(5). It follows by Lemma 4.1 from [21] that ࣤ݊ݐሺܥℓ(S)) ؿ  .ℓሺܵሻ for every subset Sܥݏ 
Thus for every closed N-closed set ॶ of Y, we have ࣤ݊ݐሺܥℓሺିܨ ቀܥℓ൫ࣤ݊ݐሺܭሻ൯ቁ)) ؿ ିܨℓሺܥݏ  ቀܥℓ൫ࣤ݊ݐሺܭሻ൯ቁ ൌ ܥݏℓሺିܨ൫ܥℓሺࣤ݊ݐሺܥℓሺܭሻሻሻ൯ ؿ  .(K)ିܨ =(ℓ(K)ܥ)ିܨ
(5)֜(6). Let V be any open set of Y having N-closed complement; then Y-V is closed N-closed 
in Y and by (5) we have  ࣤ݊ݐ(ܥℓ(ࣤ݊ݐ(Y-V))) ؿ  .ା(V)ܨX-ሺ=(Y-V)ିܨ
Moreover, we have  ࣤ݊ݐሺܥℓሺିܨ(ࣤ݊ݐ(Y-V)))=  ࣤ݊ݐ(ܥℓሺିܨ(Y- ࣤ݊ݐ(ܥℓ(V))))=  ࣤ݊ݐ(ܥℓ(X-ሺܨାሺܵܥℓ(V))))= 

X- ܥℓ(ࣤ݊ݐሺܨା(ܥݏℓሺܸሻ))). 

Therofore, we obtain ሺܨା(V) ؿ  .(((ℓሺܸሻܥܵ)ାܨሺݐ݊ࣤ)ℓܥ 

(6)֜(1). Let x be any point of X and V be any open set having N-closed complement such that 
F(x) ؿV. 

Then ߳ݔሺܨା(V)  ؿ ്((ℓሺܸሻܥݏ)ାܨሺݐ݊ࣤ Let U be any open set containing x. Then G=U .(((ℓሺܸሻܥݏ)ାܨሺݐ݊ࣤ)ℓܥ  ߶, hence G is an non-empty open set contained in U with F(G) ܥݏ ؿℓሺܸሻ= ࣤ݊ݐ(ܥℓሺܸሻ). 

By Theorem 2 (2) F is u.a.n.c. 

Theorem 4. For a multifunction ܨ: ሺܺ, ߬ሻ ՜ ሺܻ,  :ሻ the following properties are equivalentߪ

(1) F is l.a.n.q.c.; 

ؿ  (V)ିܨ (2)  ;for every open set V having N-closed complement ((ℓሺܸሻܥݏ)ିܨሺݐ݊ࣤ ݏ

ሻሻሻܭሺݐℓሺࣤ݊ܥ)ାܨℓሺܥݏ (3) ؿ  ;ା(K) for every closed N-closed set K of Yܨ

ሻሻሻሻܤℓሺܥሺݐℓሺࣤ݊ܥ)ାܨℓሺܥݏ (4) ؿ ሺܨା(ܥℓ(B)) for every subset B of Y having N-closed closure; 

ؿ (((ሻܭሺݐℓሺࣤ݊ܥ)ାܨሺ)ℓܥሺݐ݊ࣤ (5)  ;ା(K) for every closed N-closed set K of Yܨ

ؿ  (V)ିܨ (6)  .for every set V having N-closed complement ((ℓሺܸሻܥܵ)ିܨሺݐℓሺࣤ݊ܥ 

Proof. The proof is similar to the proof of Theorem 3. 

Theorem 5. For a multifunction ܨ: ሺܺ, ߬ሻ ՜ ሺܻ,  :ሻ the following properties are equivalentߪ

(1) F is u.a.n.q.c.; 

ؿ (ା(V)ܨℓሺܥݏ (2)  ;open set V of Y having N-closed closure-ߚ ℓሺܸሻ) for everyܥሺ ିܨ

ؿ ((V)ିܨℓሺܥݏ (3)  ;ℓሺܸሻ) for every semi-open set V of Y having N-closed closureܥሺ ିܨ

ؿ ା(V)ܨ (4)  ℓሺܸሻ))) for every preopen set V of Y having N-closedܥሺݐାࣤ݊ܨሺݐ݊ࣤ ݏ
complement. 

Proof. (1)֜(2). Let V be any ߚ-open set of Y having N-closed closure. It follows by Theorem 
2.4 from [3] that ܥℓሺܸሻ is regular closed. Since F is u.a.n.q.c. and ܥℓሺܸሻ is regular closed N-
closed, by Theorem 2(5) it follows that ିܨሺ ܥℓሺܸሻ) is semi-closed, hence ܥݏℓሺିܨ(V))=  ିܨ ሺܥℓሺܸሻ). Therefore, ܥݏℓሺିܨ(V))  ؿ  .((ℓሺVܥ)ିܨؿ  ((V)ିܨℓሺܥݏ hence ,((ℓሺVܥ)ିܨ  =((ℓሺVܥ)ିܨℓሺܥݏ

(2) ֜(3). The proof is obvious since every semi-open set is ߚ-open. 

(3) ֜(1). Let K be any regular closed N-closed set of Y. Then K is semi-open set having N-
closed closure and hence ܥݏℓሺିܨ(K))  ؿ  .(ሺKିܨ =((K)ିܨℓሺܥݏ ሺK).Thereforeିܨ =((ℓሺKܥ)ିܨ
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By Lemma 2, ିܨሺK) is semi-closed set and by Theorem 2.(5) F is u.a.n.q.c. 

(1)֜ (4). Let V be any preopen set having N-closed complement. 

By Lemma 1, ࣤ݊ݐሺܥℓሺܸሻ) is a regular open set having N-closed complement. Then by Theorem 
2 we have ܨା(V) ؿ -is semi (ℓሺܸሻܥሺݐ݊ࣤ )ାܨ ℓሺܸሻሻሻሻ becauseܥାሺܨ)ݐ݊ࣤ s=((ℓሺܸሻܥሺݐ݊ࣤ )ାܨ 
open. 

(4)֜ (1). Let V be any regular open set having N-closed complement. Then V is preopen having 
N-closed complement and hence ܨା(V) ؿ s ࣤ݊ܨ)ݐା ቀࣤ݊ݐ൫ܥℓሺܸሻ൯ቁ ൌ  =ା(V)ܨ ሺܸሻ. Henceݐ݊ࣤ ݏ
s ࣤ݊ܨ)ݐାሺܸሻሻ and ܨା(V) is semi-open. By Theorem 2.1 F is u.a.n.q.c. 

Theorem 6. For a multifunction ܨ: ሺܺ, ߬ሻ ՜ ሺܻ,  :ሻ the following properties are equivalenteߪ

(1) F is l.a.n.q.c.; 

ℓ(V)) ሻܥାሺܨℓሺܥݏ (2) ؿ  ;open set V of Y having N-closed closure-ߚ ℓሺܸሻ) for everyܥା ሺܨ

ؿ (ℓ(V)ܥାሺܨℓሺܥݏ (3)  ;ℓሺܸሻ) for every semi-open set having N-closed closureܥା ሺܨ

ିܨ)ݐ݊ࣤ s ؿ (V)ିܨ (4) ቀࣤ݊ݐ൫ܥℓሺܸሻ൯ቁ for every preopen set V of Y having N-closed 
complement. 

Proof. The proof is similar to proof of Theorem 3.3. 

Lemma 3 [22].  For a subset V of a topological space the following properties hold: 

ℓሺܸሻܥߙ .1 ൌ  ;open set V of Y-ߚ ℓሺܸሻ for everyܥ

2. p ܥℓሺܸሻ ൌ  .ℓሺܸሻ for every semi-open set V of Yܥ

Corollary 1. For a multifunction ܨ: ሺܺ, ߬ሻ ՜ ሺܻ,  :ሻ the following properties holdsߪ

1. F is a u.a.n.q.c.; 

ሻ(V)ିܨ)ℓܥܵ) .2 ؿ   ;open set V of Y having N-closed closure-ߚ ℓሺܸሻ) for everyܥߙሺିܨ

ሻ(V)ିܨ)ℓܥܵ  .3 ؿ   .ℓሺܸሻ) for every semi-open set V having N-closed closureܥሺିܨ

Corollary 2. For a multifunction ܨ: ሺܺ, ߬ሻ ՜ ሺܻ,  :ሻ the following properties are equivalentߪ

1. F is l.a.n.q.c.; 

ؿ (ା(V)ܨℓሺܥݏ .2  ;open set V of Y having  N-closed closure-ߚ ℓሺܸሻ) for everyܥା ሺܨ

ؿ (ା(V)ܨℓሺܥݏ .3  .ℓሺܸሻ) for every semi-open set V of Y having N-closed closureܥା ሺܨ

Theorem 7. For a multifunction ܨ: ሺܺ, ߬ሻ ՜ ሺܻ,  :ሻ the following properties are equivalentߪ

(1) F is u.a.n.q.c.; 

ሻሻሻሻሻܤሺCℓఋሺݐ݊ࣤ)ℓܥ)ିܨ)ℓܥݏ (2) ؿ  ;for every subset B of Y with Cℓఋ(B) N-closed (Cℓఋ(B))ିܨ

ሺCℓݐ݊ࣤ)ℓܥ)ିܨ)ℓܥݏ (3) ሺܤሻሻሻሻሻ ؿ  ;for every subset B of Y with Cℓఋ(B) N-closed (Cℓఋ(B))ିܨ

Proof.(1) ֜ (2). Let B be any subset of Y with Cℓఋ(B) N-closed. 

By Lemma 2 from [27], Cℓఋ(B) is closed. Since Cℓఋ(B) is closed and N-closed then by 
Theorem 3, ܵܥℓሺିܨ ቀܥℓ൫ࣤ݊ݐሺܥℓሺܤሻ൯ቁሻ ؿ   .ሻሻܤℓሺܥሺିܨ

(2)֜(3). This is obvious since Cℓ ሺܤሻ ؿ  .Cℓఋ(B)ିܨ

(3) ֜(1). Let K be a regular closed N-closed set of Y; then by (3) and Theorem 2 from [11] we 
have ܥݏℓ(ିܨ(K)) = s ܥℓ(ିܨ(ܥℓ൫ࣤ݊ݐሺܭሻ൯= s ܥℓ(ܥℓ(ࣤ݊ݐሺܥℓሺܭሻ))) ؿ  .(K)ିܨ = (Cℓఋ(K))ିܨ
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Hence ିܨ(K)= ܥݏℓ(ିܨ(K)). By Lemma 2 ିܨ(K) is semi-closed set. 

By Theorem 2 F is u.a.n.q.c.. 

Theorem 8. For a multifunction ܨ: ሺܺ, ߬ሻ ՜ ሺܻ,  :ሻ the following properties are equivalentߪ

(1) F is l.a.n.q.c.; 

ሻሻሻሻܤሺCℓఋሺݐ݊ࣤ)ℓܥ)ାܨℓሺܥݏ (2) ؿ   ;ሻሻ for every subset B of Y with Cℓఋ(B) N-closedܤା (Cℓఋሺܨ

ሺCℓݐ݊ࣤ)ℓܥ)ାܨℓሺܥݏ (3) ሺܤሻሻሻሻ ؿ -for every subset B of Y with Cℓఋ(B) N (ሻܤCℓఋሺ) ାܨ
closed; 

Proof. The proof is similar to the proof of Theorem 7. 

Definition 9.  The subset A of a topological space (X,߬) is said to be: 

 A and each open set U containing a, there exists an open G ofאregular [12] if for each a-ߙ (1)
X such that aאGؿ  ;Uؿℓ(G)ܥ

 paracompact [28] if every X-open of A has an X-open refinement which covers A and is-ߙ (2)
locally finite for each point of X. 

Lemma 4 ([23]). If A is an ߙ-regular ߙ-paracompact subset of a topological space (X,߬) and U 
is an open neighborhood of A, then there exists an open set G of X such that AؿGؿ  .Uؿℓ(G)ܥ

For a multifunction ܨ: ሺܺ, ߬ሻ ՜ ሺܻ, ℓ(F) [5]ܥ ሻ byߪ ሺܺ, ߬ሻ ՜ ሺܻ,  ሻ /5/ we denote aߪ
multifunction defined as follows:  ܥℓ(F)(x)= ܥℓ(F(x)) for each xאX. 
Similary, we denote ܥݏℓ(F) ሺܺ, ߬ሻ ՜ ሺܻ, ℓ(F)ܥሻ, pߪ ሺܺ, ߬ሻ ՜ ሺܻ, ℓ(F)ܥߙ ,ሻߪ ሺܺ, ߬ሻ ՜ ሺܻ,  ,ሻߪ
bܥℓ(F) ሺܺ, ߬ሻ ՜ ሺܻ, ℓ(F)ܥߚ ,ሻߪ ሺܺ, ߬ሻ ՜ ሺܻ,  .ሻߪ

Lemma 5.  If F ሺܺ, ߬ሻ ՜ ሺܻ, -ߙ regular and-ߙ ሻ is a multifunction such that F(x) isߪ
paracompact for each xאX, then ܩାሺܸሻ ൌ  ାሺܸሻ for every regular open set V of Y when Gܨ
denotes ܥℓ(F), sܥℓ(F), p ܥℓ(F), ܥ ߙℓ(F), b ܥℓ(F), ܥߚℓ(F). 

Proof. Let V any regular open set of Y and xא  .ାሺܸሻܩ

Then G(x)ؿV and F(x) ؿG(x)ؿV. We have xא ାሺܸሻܩ ାሺܸሻ and henceܨ ؿ  ,ା(V). Converselyܨ
let xא  V and by Lemma 4 there exists an open set H of Y such thatؿାሺܸሻ. Then we have F(x)െܨ
F(x)ؿHؿ ؿ V. Since G(x)ؿ ℓ(H)ܥ אV and hence xؿℓ(F(x)), G(x)െܥ  ାሺܸሻܨ ାሺܸሻ. Thus we obtainܩ ؿ ାሺܸሻܩ ,ାሺܸሻ. Thereforeܩ ൌ  .ାሺܸሻܨ

Lemma 6. For a multifunction F ሺܺ, ߬ሻ ՜ ሺܻ, ሺܸሻିܩ ,ሻߪ ൌ  ሺܸሻ for each regular open set ofିܨ
Y, where G denotes ܥℓ(F), sܥℓ(F), p ܥℓ(F), ܥ ߙℓ(F), b ܥℓ(F), ܥߚℓ(F). 

Proof. Let V be any regular open set V of Y and xא  .ሺܸሻିܩ

Then G(x)ת ܸ ് ߶ and hence F(x) ת ܸ ് ߶ since V is open. We have xא  ሺܸሻ andିܨ
hence ିܩሺܸሻ ؿ אሺܸሻ. Conversely, let xିܨ ߶ ሺܸሻ. Then we haveିܨ ്F(x) ת ܸ תG(x) ؿ ܸ 
and hence xא ሻܩሺିܨ ାሺܸሻ. Thus we obtainܩ ؿ ሺܸሻିܨ. ,ሺܸሻ. Thereforeିܩ ൌ  .ሺܸሻିܩ
Theorem 9. Let ܨ  ሺܺ, ߬ሻ ՜ ሺܻ, -ߙ regular and-ߙ ሻ be a multifunction such that F(x) isߪ
paracompact for each point xאX. 
Then the following properties are equivalent. 

(1) F is u.a.n.q.c.;                                    

(2) sܥℓ(F) is u.a.n.q.c; 

(3) p ܥℓ(F) is u.a.n.q.c.; 

 ;.ℓ(F) is u.a.n.q.cܥ ߙ (4)
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(5) b ܥℓ(F) is u.a.n.q.c.; 

 ;.ℓ(F) is u.a.n.q.cܥ (6)

 ..ℓ(F) is u.a.n.q.cܥߚ (7)

Proof. We set G= ܥℓ(F), s ܥℓ(F), p ܥℓ(F), ܥ ߙℓ(F), b ܥℓ(F), ܥߚℓ(F). 

Assuming that F is u.a.n.q.c.. Let V any regular open set of Y containing G(x) and having N-
closed complement. 

Then Theorem 2 and Lemma 5 demonstrate that ܩାሺܸሻ=ܨାሺܸሻ ؿ ܱܵሺܺሻ. By Theorem 2 G is 
u.a.n.q.c.. 

Conversely, supposing that G is u.a.n.q.c.. Let V any regular open set of Y containing F(x) and 
having connected complement. Then it follows by Theorem 2 and Lemma 5 that ܨାሺܸሻ ൌܩାሺܸሻ  ..SO(X). By Theorem 2 F is u.a.n.q.cא

Theorem 10.For a multifunction ܨ  ሺܺ, ߬ሻ ՜ ሺܻ,  :ሻ the following properties are equivalentߪ

(1)  is l.a.n.q.c.;    

   ;.ℓ(F) is l.a.n.q.cܥ (2)

(3) (3) sܥℓ(F) is l.a.n.q.c;   

(4) p ܥℓ(F) is l.a.n.q.c.;  

  ;.ℓ(F) is l.a.n.q.cܥ ߙ (5)

(6) b ܥℓ(F) is l.a.n.q.c.;  

 ..ℓ(F) is l.a.n.q.cܥߚ (7)

Proof. The proof is similar to the proof of Theorem 9. 

Theorem 11. Let ሺܺ, ߬ሻ be a topological space and ሼ ܷ: ݅ א ,open sets of ሺܺ-ߙ ሽ a cover of X byܫ ߬ሻ. A multifunction ܨ  ሺܺ, ߬ሻ ՜ ሺܻ, |ܨ ሻ is u.a.n.q.c. if and if the restrictionߪ ՜ ܻ is 
u.a.n.q.c. for each .݅ א  .ܫ

Proof. Necessity. Suppose that F is u.a.n.q.c.. Let ݅ א אand x ܫ ܷ and V be any regular open set 
of Y containing (ܨ|ሻሺݔሻ and having N-closed complement. Since F is u.a.n.q.c. and 
ሻݔሻሺ|ܨ) ൌ ሻ, by Lemma 2 there exists ܷݔሺܨ א ܱܵሺܺ, ሻ such that F(ܷሻݔ ؿ ܸ. Let U=ܷ אܷ. Then by Lemma 2 [20] we have Uת ܱܵሺ ܷ, ሻሺܷሻ|ܨሻ and ሺݔ ؿ ܸ. It follows from Theorem 
2 that ܨ| is u.a.n.q.c.. 

Sufficiency. Let xאX and V be any regular open set containing F(x) and having N-closed 
complement. There exists ݅ א אsuch that x  ܫ ܷ and (ܨ|ሻሺݔሻ ൌ ሻݔሺܨ ؿ ܸ. Since ܨ| is 
u.a.n.q.c., there exists Uא ܱܵሺ ܷ, ሻሺܷሻ|ܨሻ such that ሺݔ ؿ ܸ. Since ܷ א  ሺܺሻ, it follows fromߙ 
Theorem 2 and Theorem 1 of [18] that Uא ܱܵሺܺ, ؿ ሻ. Moreover, we have F(U)ݔ ܸ. 

Theorem 12. Let ሺܺ, ߬ሻbe a topological space and ሼ ܷ: ݅ א ߙ ሽ a cover of X byܫ െopen sets of ሺܺ, ߬ሻ. A multifunction ܨ  ሺܺ, ߬ሻ ՜ ሺܻ, |ܨ ሻ is l.a.n.q.c. if and only if the restrictionߪ ՜ ܻ is 
l.a.n.q.c. for each .݅ א  .ܫ

Proof. The proof is similar to proof of Theorem 5. 
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Unele caracterizări ale multifuncţiilor                                           
superior/inferior aproape continue 

Rezumat 

În lucrarea [24], Rychlewicz a introdus noţiunea de multifuncţie superior/inferior aproape  cvasicontinuă 
ca o generalizare a noţiunii de multifuncţie superior/inferior aproape continuă [23] şi a noţiunii de 
multifuncţie superior/inferior aproape continuă [9]. Scopul lucrării noastre este de a obţine noi teoreme 
de caracterizare a multifuncţiilor superior/inferior aproape continue. 


